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Linear Algebra

Part 1: Vectors, Representations
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Algebra and Linear Algebra

» Algebra: numbers and operations on numbers
—2+43=5
—3x7=21

» Linear Algebra: tuples, triples ... of numbers and
operations on them

— Assists in geometric computations
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Vectors: definition

« Avector in R% is an ordered d-tuple v =

%1

 In R3, for example: v = | V2
U3

vx xv
— (or (vy>, or (%), or (vq,v,,v3), OF ...)
v, Zy
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Vectors: algebraic interpretation

xv
Vv
be seen as the

point (x,, y,) in the
Cartesian plane

. AzDvector( )can

__________________________________




Vectors: notation

X
A 2D vector should be denoted as ( ”) or as

. Vv
()
— The T in the exponent stands for transposed

A 2D point should be denoted as (x,, y,,)

* Be aware of misused notation (mostly point
notation used for a vector)
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Vectors: geometric interpretation

xv
Vv
be seen as an offset

from the origin

« A2D vector( )can

» Such an offset (arrow)
can be translated
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Vectors: length and scalar multiple

* The Euclidean length of a d-dimensional vector v

is [|v]| = \/vlz + Vi + -+ V5

« Ascalar multiple of a d-dimensional vector v Is
A = (Avy, vy, ..., Avg)T
— Note that v and Av have the same direction or opposite

directions
My
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Parallel vectors

* Two vectors v, and v, are parallel if one Is a scalar

multiple of the other, I.e. there is a A # 0 such that
vz —_ /1171

* Note that if one of the
vectors is the null vector,
then the vectors are
considered neither parallel
nor not parallel

: Universiteit Utrecht
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Unit vectors

A vector v is a unit vector if [|v|| = 1

* Normalization
— Questions T
« Given an arbitrary vector v, ‘\
how do we find a unit vector ____T

parallel to v? L \
« Caneveryvectorbe [T 00T SRR
normalized? A/—"'
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Addition of vectors

« Given two vectors in R¢,
v = (v, vy, ...,v4)" and

— T
W = (Wl; WZ) ;Wd) ___________________________________
their sum Is defined as

vV+w=
(vy + Wy, Uy + Wy, ., vg + wy)!

* Q: How would subtraction be defined?
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Addition of vectors

 Addition of vectors Is Commutative
as it can be seen easily from [T Y
the geometric interpretation

...................................

Q: show algebraically that
vector additionis [/ r v
commutative

Q: what Is the relation
between ||v||, |lw]|, and |[|v + w||?
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Bases in 2D

« A 2D vector can be expressed as a combination of
any pair of non-parallel vectors

— For instance, In the figure, a = 1.5v + 0.6w

e Such a pair is called linearly
iIndependent, and forms
a 2D basis

* The extension to higher
dimensions is
straightforward

NI
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Orthonormal basis in 2D

« Two vectors form an orthonormal basis in 2D if (1)
they are orthogonal to each other, and (2) they are
unit vectors

+ The advantage of an
orthonormal basis Is that ‘v‘
lengths of vectors, expressed | :
In the basis, are easy to
calculate
> , , , , , , :
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The null vector

0

* The null vector O IS special

0
— It acts as the zero for addition of vectors

— It is the only vector that has length zero
— It is the only vector that does not have a direction
— |t can not be used as a base vector
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Dot product

» For two vectors v,w € R, the dot product is
defined as

VW =VUW;+V,Wy + -+ V3Wg4,

VW = E V;W;
i=1

 We have cosf = , where 6 Is the angle
IIvIIIIWII

between the two vectors
* Note that the dot product is also called inner

product or scalar product and that the result of the
operation is a scalar (not a vector)

or
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* Questions

— What is the inner product of
an arbitrary unit vector with

itself?

— What do we know If for two
vectors v and w we have
thatv-w = 0?

* Universiteit Utrecht

Dot product

/666
3.1415927
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Cross product

For two vectors v,w € R3, the cross product is

defined as
UoW3 — U3W;

vXWwW=|VU3W; —V1W3
V1Wyo — UWy

Q: Show that v X w iIs orthogonal to both v and w

We have that ||v x w|| = ||v||||w]| sin 8, where 6 is
the angle between v and w

Note that the result of the operation is a vector
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Cross product

* Questions
— It is possible or necessary
that v and w are orthogonal

to form v x w?

— Whatisv X w if v and w
are parallel?
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Products and null vector

* Questions

— What is the dot product of a vector and the null vector?

— What is the cross product of a vector and the null
vector?
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Bases in 3D

 You need three vectors to form a basis in 3D

 If u, v, and w form a basis, then any vector a in 3D
can be expressed as
a = uu+ Av + pw

where u, A, and p are scalars

* Q: Letu, v, and w be three vectors (no one is the
null vector). Suppose that u and v are not parallel,
u and w are not parallel, and v and w are not
parallel. Do u, v, and w always form a basis?

Universiteit Utrecht
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Linear dependence in 3D

* |f for three vectors u, v, and w in 3D (no null
vectors), we have w = uu + Av

where u and A are scalars, then u, v, and w are
linearly dependent

 If such u and A do not exist, then they are linearly
iIndependent

* Any three linearly independent vectors in 3D form
a 3D basis
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Orthonormal 3D bases

 Three vectors form an orthonormal basis in 3D If
(1) each pair of them Is orthogonal, and (2) they
are unit vectors

e Questions

— What would you do to test if three 3D vectors form an
orthonormal basis?

— Suppose that two vectors u and v in 3D are orthogonal,
and they are unit vectors. Let w be the cross-product of
u and v. What can you say about u, v, and w (do they
form an orthonormal basis)?
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Left- and right-handed systems
« Coordinate systems in 3D
come In two flavors: left-
handed and right-handed

* There are arguments for :
both systems for | X X

— The global system Z '

. Camera coordinate system

— The camera system ~ voomooemiia -

— Objects systems . | %

.................................
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Coordinate transformations

* A frequent operation in graphics is the change
from one coordinate system (e.g. the (u, v, w)

camera system) to another (e.g. the (x,y, z)
global system)

« Having orthonormal bases ”;(—
for both systems makes the
transformations simpler
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2D implicit curves

« An implicit curve in 2D has the f(ﬂfﬁ'y);
form f(x,y) =0

* f maps two-dimensional
points to a real value; the
points for which this value is 0
are on the curve, while other
points are not on the curve

Universiteit Utrecht
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Implicit representation of circles

« The implicit representation of a 2D circle with
center ¢ and radius r IS

(x=x)*+ (@ —y)?—r?=0
« So for any point p that lies on the circle, we have

p—c)-(p—c)—r*=0,s0
lp — c||? — r? = 0, which gives
lp—cll=7r

W
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Implicit representation of lines

* A well-known representation of Ilnes IS the slope-
iIntercept form

y=ax+b

« This can easily be converted to
—ax+y—b=0

« If b = 0, the line intersects the |

origin, and we have

n-p=0,withp = ()andn—(_la)

* Q: What If the line does not intersect the origin?

W,
N

 Universiteit Utreche Elementary maths for GMT — Linear Algebra - Vectors

N
L



2D parametric curves

« A parametric curve Is controlled by a single

parameter, and has the form
()= (o)
y h(t)
« Parametric representations
have some advantages over
functions, even Iif a function

would suffice to represent
the curve

h(t)

: g(t) :
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Parametric equation of a circle

* The parametric equation of a 2D circle with center
c and radius r Is

¢

Univers

) = (%ctreosd)

_______________________________
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Parametric equation of a line

* The parametric equation of a line through the
points p, and p, IS

(x) (xp +t(xy, — xp0)>
y Vp, T t(Vp, — ypo)

« This can alternatively be
wiitten as
p(t) = po + t(P1 — Po) :p.l.;---i----i---é
"""" (TR RS
PRt 1 -----------------------
N
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Conversion between representations

|t Is convenient to be able to convert a parametric
equation of a line into an implicit equation, and
vice versa

+ Q:Howdowedothat? | @ TN A

---------------------------------

P0
/ -----------------------------
M
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Implicit surfaces: from 2D to 3D

* Recall that an implicit curve T
has the form f(x,y) =0
 The 3D generalization is an R S SO (O

implicit surface with a similar ~+ ¢
fOI’m f(x,y’ Z) — 0 |

* Fun project: try to draw the
4D image of the graph of

1 2
such function (% (= x) =y + 2
1
—E(l +(x2+y?2+29))=0
&
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Implicit one-dimensional curves in 3D?

« Cooking up an implicit function for a one-
dimensional thingy in 3D Is in general not possible;
such thingies are degenerate surfaces

— For example, x? + y? = 0 is a cylinder with radius 0: the
Z-axis

« More complex curves can be
described as the intersection of
two or more implicit surfaces

g% Universiteit Utrecht
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Parametric curves and surfaces

* As opposed to implicit curves,
It IS possible to specify
parametric curves in 3D

x = f(¢),
y =g(t),
z = h(t)

« Parametric surfaces depend
on two parameters

x = f(u,v),
y = g(u,v),
z = h(u,v)

N
NS

N
7
Z00

F Universiteit Utrecht Elementary maths for GMT — Linear Algebra - Vectors 34



Implicit spheres

 The sphere equation Is given by:
(x — ¢, )? +(y—cy)2 +(z—c)*—1%2=0

« Just as in the circle case, this can be written in dot
product form for any point p on the sphere

p—c)-(p—c)—r*=0,s0
lp — c||> — % = 0, which gives
lp—cll=7r
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Parametric spheres

« Spheres can also be represented parametrically

— For example, a sphere with radius r centered at the
origin has the equation '

X =1rcos¢sinb,
y =rsingsinf,
Z=r1rcos6f

* Q: What would the equation
for a sphere with radius r centered
at ¢ = (cy, ¢y, ;) DE?

%ﬂ@g Universiteit Utrecht Elementary maths for GMT — Linear Algebra - Vectors 36



Parametric spheres

X =71cos¢sinb,
y =7rsingsing,
Z =71cos@
« The parametric representation of a sphere looks
much more inconvenient than the implicit
equation

 However, when we have to do texture mapping,
the parametric representation turns out to be
guite convenient
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Implicit planes

« The implicit equation for a plane in 3D looks a lot
like the equation for a line in 2D
ax +by+cz—d=0

« Here, (a,b,c)! is a
normal vector of the plane -

...............
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Parametric planes

« Planes can also be described parametrically

 |nstead of one direction vector (as for lines), we
need two

(x,y,2) = (xp'yzv'zp) T
S(xv: Vs Zv)T + Xy Y ZW)T
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Implicit and parametric planes

* Implicit equation:
ax +by+cz—d=0
« Parametric equation:
(x,y,2) = (prYp»Zp) + S(XUJYV'ZU)T + t(xW'yW'ZW)T

* Questions
— Is an implicit description of a plane in 3D unique?
— |s a parametric description of a plane in 3D unique?
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